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Problem

How to compute a complete 
image from several gray dots?

Similar and more intuitively
How to draw the contour for map? 



Interpolation

插值是在一组已知数据点的范围内添加新数据点的方法，被广泛用于数据处理

可以使用插值来填充缺失的数据、对现有数据进行平滑处理以及进行预测等



Interpolation

插值是在一组已知数据点的范围内添加新数据点的方法，被广泛用于数据处理

可以使用插值来填充缺失的数据、对现有数据进行平滑处理以及进行预测等

相比于拟合更加精确，要求已知的数据点准确度较高



Interpolation

修补图像放大后产生的伪影

Origin Interpolation



More generally, the interpolation problem can be stated as follows:
given a set of N-dimensional data points {𝑃𝑃1,𝑃𝑃2,⋯ ,𝑃𝑃𝑚𝑚}, associated
with scalar data values {𝑣𝑣1, 𝑣𝑣2,⋯ , 𝑣𝑣𝑚𝑚}, compute a function 
𝑓𝑓 𝑃𝑃 : 𝑅𝑅𝑁𝑁 → 𝑅𝑅 for any point 𝑃𝑃 in the N-dimensional space such
that 𝑓𝑓 𝑃𝑃𝑖𝑖 = 𝑣𝑣𝑖𝑖 for 𝑖𝑖 = 1,2,⋯ ,𝑚𝑚.

In the examples at first, the data points reside on a 2D plane (N = 2), 
and the data values are intensities/altitudes at each point.

Formalization



Example (without methods)

Consider a application of surface reconstruction. Mostly, we capture a real-world 
3D object as a cloud of data points on the object's surface, and then use algorithm 
to reconstruct it.

To ease the discussion, we consider a 2D case where the point cloud is highlighted 
by blue circles and needs to be connected to form a closed curve.



Example (without methods)

Consider a application of surface reconstruction. Mostly, we capture a real-world 
3D object as a cloud of data points on the object's surface, and then use algorithm 
to reconstruct it.

To ease the discussion, we consider a 2D case where the point cloud is highlighted 
by blue circles and needs to be connected to form a closed curve.

An immediate idea: consider each point in the cloud as 
a data point associated with the intensity 0. We only 
need to find an interpolation function 𝑓𝑓 𝑃𝑃 : 𝑅𝑅2 → 𝑅𝑅 with 
𝑓𝑓 𝑃𝑃𝑖𝑖 = 0 for all 𝑃𝑃𝑖𝑖.

But some other things need to do. 



Example (without methods)

A trivial and invalid solution 𝑓𝑓 𝑅𝑅2 = 0, whatever methods used to compute the 
interpolation function .
Instead, we add some artificial data points with positive or negative intensities at 
locations outside or inside the curve to be reconstructed. 
For all 𝑃𝑃𝑖𝑖, an outward unit normal vector 𝑛𝑛𝑖𝑖 can be computed according to the 
original cloud and place new points 𝑃𝑃𝑖𝑖 + 𝑑𝑑𝑛𝑛𝑖𝑖 outside the curve with green color 
and intensity d, and 𝑃𝑃𝑖𝑖 − 𝑑𝑑𝑛𝑛𝑖𝑖 inside the curve with red color and intensity –d. 



Example (without methods)

The idea can easily extended to 3D, and we can use some software to reconstruct 
the surface after obtaining the interpolating function. 

Interpolating function Reconstructed surface



Interpolation Function
To estimate an interpolation function, we most pay attention to smoothness 
and low oscillation which are crucial to both intuition and application value.



Piecewise linear interpolation
In the east case of two 1D points, the function is obvious: 

Two points: 𝑃𝑃1,𝑣𝑣1 , (𝑃𝑃2,𝑣𝑣2) the interpolation function is a line segment connecting 
two points, such as the black line.



Piecewise linear interpolation
In the east case of 2 1D points, the function is obvious：

We provide another interpretation of 𝑓𝑓(𝑃𝑃) here, which may has little power now but 
be quite useful in the methods introduced later.（bump function）



Piecewise linear interpolation

When points increase, we can linearly interpolate between every two successive points, 
and connect the resulting line segments into a polyline.

Following the alternative interpretation of linear interpolation, the polyline 𝑓𝑓(𝑃𝑃) can be 
constructed as the sum of a set of polylines 𝑓𝑓𝑖𝑖 𝑃𝑃 :



Piecewise linear interpolation



Quadratic interpolation

Similar to the Piecewise linear interpolation, we can generalize the form of 𝑓𝑓(𝑝𝑝), 
using three consecutive points to construct the function：

𝑓𝑓 𝑝𝑝 =
(𝑝𝑝 − 𝑝𝑝2)(𝑝𝑝 − 𝑝𝑝3)

(𝑝𝑝1 − 𝑝𝑝2)(𝑝𝑝1 − 𝑝𝑝3)
𝑣𝑣1 +

(𝑝𝑝 − 𝑝𝑝1)(𝑝𝑝 − 𝑝𝑝3)
(𝑝𝑝2 − 𝑝𝑝1)(𝑝𝑝2 − 𝑝𝑝3)

𝑣𝑣2 +
(𝑝𝑝 − 𝑝𝑝1)(𝑝𝑝 − 𝑝𝑝2)

(𝑝𝑝3 − 𝑝𝑝1)(𝑝𝑝3 − 𝑝𝑝2)
𝑣𝑣3

Not smooth at breaking points. 



Cubic interpolation

To construct the smooth connect, we introduce a certain third degree polynomial

Four consecutive points 𝑝𝑝0,𝑝𝑝1,𝑝𝑝2,𝑝𝑝3, we try to have 𝑓𝑓(0) = 𝑝𝑝1, 𝑓𝑓(1) = 𝑝𝑝2, 𝑥𝑥 ∈ [0,1]
and 𝑓𝑓𝑓(𝑥𝑥) is continuous with 𝑥𝑥 ∈ [0,1]. 



Cubic interpolation

So our cubic interpolation formula becomes:



Tessellation
To apply piecewise linear interpolation to higher dimensions, we will need to 
tessellate the data points into elementary domains, within which linear interpolation 
is performed.
When come to the case of 2D , we first use tesellation to construct triangles with 
the data points and form a convex hull.
For all triangles, we can perform the method of 1D to compute the values of edges, 
and then compute the inner points by the values of vertexes and edges. 



Tessellation

As we can see , the piecewise linear interpolation is simple and direct but not 
smooth at derivatives of functions  e.g. at the data points.

In addition, in two dimensions and beyond, the interpolation also depends on
how the data points are tessellated.
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Overview

1 Shepard’s Interpolation

2 Radial Basis Function
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Previously on linear interpolation

We have n points (xi )
n
i=1 ∈ R.

We can define n ’bump functions’ fi for each xi .

For linear interpolation, f −i (x) = x−xi
xi−xi−1

vi , f
+
i (x) = xi+1−x

xi+1−xi vi .

But the problem is, it’s too ’spiky’.
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Previously on linear interpolation

Figure: spiky bump function
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Previously on linear interpolation

How do we find a smoother bump function?
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Shepard’s Interpolation

Shepard’s bump function

fi (x) =
‖x − xi‖−α∑n
j=1‖x − xj‖−α

vi ,

where α > 0 and ‖·‖ is Euclidean norm.

Notice that fi (x) = 1 when x = xi , and 0 otherwise.

Thus, we can use
∑n

i=1 fi (x) as an interpolation directly without any
parametrization.
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Shepard’s Interpolation

Figure: Shepard’s Interpolation
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Shepard’s Interpolation

However, Shepard’s Interpolation has imposed an unnecessary feature
on the interpolated function.

f has a first-order derivative of 0 at every data point.

Baifeng Shi Shicheng Li (PKU) SPTFC(II) Lecture 9 May 7, 2019 8 / 15



Shepard’s Interpolation

Figure: flat top
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Radial Basis Function

Definition (Radial kernel)

Given a radial function φ : [0,∞)→ R, a normed vector space (V , ‖·‖)
and a point c ∈ V , a radial kernel with center c is defined by

φc(x) := φ(‖x − c‖)
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Radial Basis Function

Definition (Radial basis)

Given a radial function φ : [0,∞)→ R and a normed vector space
(V , ‖·‖), the set {φc |c ∈ V } is said to be a radial basis if for any sequence
(ci )

n
i=1, φc1 , · · · , φcn are linearly independent and A is non-singular, where

A =

 φ(‖x1 − x1‖) · · · φ(‖x1 − xn‖)
...

. . .
...

φ(‖xn − x1‖) · · · φ(‖xn − xn‖)


Note: {φc |c ∈ V } is a basis of ’the space of functions’.
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Radial Basis Function

Some commonly used radial function:

Gaussian: φ(r) = e−εr
2

Multiquadratic: φ(r) =
√

1 + εr2

Inverse quadratic: φ(r) = 1
1+εr2

Thin plate spline: φ(r) = r2ln(r)

Polyharmonic spline: φ(r) =

{
rk k = 1, 3, 5, · · ·

rk ln(r) k = 2, 4, 6, · · ·
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Radial Basis Function

So how do we interpolate with radial basis functions?

Note that φxi (xj) 6= 0 when i 6= j .
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Radial Basis Function

Solving a linear equation is enough.

Ac = v

A =

 φ(‖x1 − x1‖) · · · φ(‖x1 − xn‖)
...

. . .
...

φ(‖xn − x1‖) · · · φ(‖xn − xn‖)


c = [c1, · · · , cn]T

v = [v1, · · · , vn]T

Note that A is non-singular according to the definition.
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Radial Basis Function

Figure: RBF Interpolation
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Applications in 2 papers
张文涵 & 唐正纲



Reproducing Polynomials
• It would be desirable for an interpolation function to be no more 

complex than the original function

original

RBF

constant linear quadratic



Reproducing Polynomials
• introduce a polynomial term into the interpolation function
• 𝑓𝑓 𝒑𝒑 = 𝑔𝑔 𝒑𝒑 + ∑𝑖𝑖=1𝑛𝑛 𝑓𝑓𝑖𝑖(𝒑𝒑)
• where 𝑔𝑔 𝒑𝒑 is a polynomial of maximum degree 𝑘𝑘
• 𝑔𝑔 𝒑𝒑 = ∑𝑖𝑖=1𝑙𝑙 𝑎𝑎𝑖𝑖𝑚𝑚𝑖𝑖(𝒑𝒑)
• where𝑚𝑚𝑖𝑖(𝒑𝒑) is a monomial of the coordinate components of 𝒑𝒑 of
degree 𝑘𝑘 or less, and 𝑎𝑎𝑖𝑖 are coefficients

• For example, in 2D, 𝑝𝑝𝑥𝑥 , 𝑝𝑝𝑦𝑦 are the coordinates of 𝒑𝒑
• Constant polynomial: 𝑔𝑔 𝒑𝒑 = 𝑎𝑎0
• Quadratic polynomial: 𝑔𝑔 𝒑𝒑 = 𝑎𝑎0 + 𝑎𝑎1𝑝𝑝𝑥𝑥 + 𝑎𝑎2𝑝𝑝y + 𝑎𝑎3𝑝𝑝𝑥𝑥2 + 𝑎𝑎4𝑝𝑝𝑦𝑦2 +
𝑎𝑎5𝑝𝑝𝑥𝑥𝑝𝑝𝑦𝑦



Reproducing Polynomials

• Now, we have more unknowns(n+l) than constrains(n)
• add one more orthogonal constraint for each monomial term in 𝑔𝑔 𝒑𝒑
• ∑𝑖𝑖=1𝑛𝑛 𝑐𝑐𝑖𝑖𝑚𝑚𝑗𝑗 𝑝𝑝i = 0，for 𝑗𝑗 = 1, … , 𝑙𝑙

• Linear system： 𝐴𝐴 𝑀𝑀
𝑀𝑀𝑇𝑇 0

𝑐𝑐
𝑎𝑎 = 𝑣𝑣

0

• 𝑀𝑀 =
𝑚𝑚1(𝑝𝑝1) … 𝑚𝑚𝑙𝑙(𝑝𝑝1)

… … …
𝑚𝑚1(𝑝𝑝𝑛𝑛) … 𝑚𝑚𝑙𝑙(𝑝𝑝𝑛𝑛)

, 𝑎𝑎 = 𝑎𝑎1, … , 𝑎𝑎𝑙𝑙 𝑇𝑇



Reproducing Polynomials



Practical issues in surface reconstruction

• Reconstruction and Representation of 3D Objects with Radial 
Basis Functions

• A multi-scale approach to 3D scattered data interpolation with 
compactly supported basis functions



Reconstruction and Representation of 3D 

Objects with Radial Basis Functions

演示者
演示文稿备注
这篇文章更像是综述论文，很多技术细节都没详细描述，只给出了出处



Introduction

• Application：
• reconstructing smooth, manifold surfaces
• Interpolating incomplete meshes (hole-filling)

• Challenge：
• Storage：O(n^2) 
• Arithmetic operation: O(n^3)
• 3000GB, 2001

演示者
演示文稿备注
其它的隐式表示表面的方法：Constructive Solid Geometry由简单的基本函数通过布尔运算（并集，交集等）和混合函数的组合形成



Introduction
• 如何形式化问题？

• Section 2 ：formulate the surface fitting problem as a scattered data 
interpolation problem. 

• Section 3 ：RBFs 
• 如何加速计算？

• Section 4 ：new fast methods which overcome problems in the past. 
• Section 5 ：RBF center reduction. 
• Section 6 ：RBF approximation as a means of smoothing noisy surface data 

and demonstrates this by reconstructing smooth surfaces from noisy LIDAR 
(laser rangefinder) data. 

• 如何应用？
• Section 7 ：iso-surface extraction. 
• Section 8\9 ：results 

演示者
演示文稿备注
第2节描述了我们如何将表面拟合问题表示为散乱数据插值问题。第3节介绍了RBF。第4节描述了使用新的快速方法，克服了过去无法使用RBF的问题。第5节介绍了RBF中心减少，这导致了更快的拟合和评估时间。第6节介绍了RBF近似作为平滑噪声表面数据的方法，并通过从嘈杂的LIDAR（激光测距仪）数据重建光滑表面来证明这一点。第7节描述了等值表面计算。第8节展示了RBF从点云重建非平凡曲面并插入不完整网格的能力。第9节得出结论并讨论未来的工作。



Fitting an implicit function to a surface

• find a function f which implicitly defines a surface M and satisfies 
the equation

• off-surface points are appended to the input data

演示者
演示文稿备注
为了避免得到平凡解（恒为0），通常引入离开表面的点作为新的约束如何生成？利用点云计算（估计）表面法向，di为离面点到表面的投影距离，这一点在之后寻找等值面有用



Radial Basis Function interpolation

BL 2 (ℝ3)：Beppo-Levi space with square integrable second derivatives

Define semi-norm: a measure of smoothness 

演示者
演示文稿备注
大致思路：二阶导数平方可积的beppo-levi空间里的函数对于解决上述问题而言足够多，所以限制问题的解（即插值函数）在该空间里。引入半范数，用来表示平滑度，越小越平滑



Radial Basis Function interpolation

where 𝑝𝑝 is a linear polynomial, the coefficients 𝜆𝜆𝑖𝑖 are real numbers and |·| is the Euclidean norm on ℝ3 .

RBF:

𝜙𝜙: basis function(compact support/non-compact support)
𝑥𝑥𝑖𝑖 :the centers of the RBF

演示者
演示文稿备注
大致思路：�自然地，使这个半范数最小，解已经被找到这个解其实就是RBF的一种，于是引出RBFRBF不再赘述，注意两点：φ——有无紧支集，对应矩阵的稀疏和修补空洞的影响，x是之后一直关心的东西



Fast methods

演示者
演示文稿备注
这个快速方法没有详细描述，大致思路是我们不需要无穷小的精度，如果允许一定误差就可以加速计算和节省空间，计算时将中心分类距离远的用近似值代替。允许两个误差：求RBF时插值点的函数值不一定恰好为0，求得RBF后对表面重新采样生成网格时采样点的函数值不一定恰好为0



RBF center reduction
A simple greedy algorithm：
1. Choose a subset from the interpolation nodes 𝑥𝑥𝑖𝑖 and fit an 
RBF only to these. 
2. Evaluate the residual, 𝜀𝜀𝑖𝑖 = 𝑓𝑓𝑖𝑖 − 𝑠𝑠(𝑥𝑥𝑖𝑖)at all nodes.
3. If |𝜀𝜀𝑖𝑖|< fitting accuracy then stop. 
4. Else append new centers where 𝜀𝜀𝑖𝑖 is large. 
5. Re-fit RBF and goto 2

演示者
演示文稿备注
复杂度与中心点的数量有关。自然想到减少中心点。贪心算法：取一部分中心，计算RBF，看其它点的精度是否符合。可以与上面的fast method一起使用。



RBF center reduction



RBF approximation of noisy data

Linear system：

演示者
演示文稿备注
对于有噪声的点云数据，之前提到的约束条件过于严格。



RBF approximation of noisy data

演示者
演示文稿备注
激光扫描不同角度的数据混合，可能带来噪声（冗余和空缺）。注意表面重建后空洞（缺失数据）的修补和保留手与身体之间的空隙



RBF approximation of noisy data

演示者
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调整参数



Surface evaluation
In any case, only a small subset of centers is required to seed the surface

演示者
演示文稿备注
左图是等值面的计算，类似波动的传播，每一时刻计算波前（附近）的等值面。计算只依赖于附近部分的中心，利用RBF带来的梯度信息，之前生成的离面点的函数值定义为距离，节省了存储空间，右图是重建表面的网格。技术细节没有提及。



Result

Advantage of storage and time cost

演示者
演示文稿备注
空间和时间的节省，使得基于大规模点云的表面重建得以实现



Result

Fill small hole

Represent complicated object with sufficient 
sampling

演示者
演示文稿备注
左图是对空洞的填补，右图是如果采样足够充分，基于RBF的表面重建效果就很好



A Multi-scale Approach to 3D Scattered Data 

Interpolation with Compactly Supported Basis Functions

演示者
演示文稿备注
这篇文章更像是综述论文，很多技术细节都没详细描述，只给出了出处



Introduction
• Studying geometric modeling with implicit surfaces remains active.
• Interpolation and approximation of scattered data with RBFs is popular.

• A hard choice: local or global RBFS, which are better?
• Local: simpler and faster computation procedure, more details preserved, but 

sensible in density of points.
• Global: sophisticated but useful in repairing incomplete data.

• Combine them in a hierarchical way!
• We need a hierarchy from sparse to fine ( and from global to local).



Single-level interpolation
• Given a point set P = {pi} sampled from a surface.
• Every point has it’s normal which indicates the surface’s orientation.
• We want to generate a 3D function and its zero level-set {x | f(x) = 0}

interpolates P. ( then rebuild the surface ) 

• We use local RBFs as f:
• 𝑓𝑓 𝑥𝑥 = ∑𝑝𝑝𝑖𝑖∈𝑃𝑃 𝜓𝜓𝑖𝑖 𝑥𝑥 = ∑𝑝𝑝𝑖𝑖∈𝑃𝑃 𝑔𝑔𝑖𝑖 𝑥𝑥 + 𝜆𝜆𝑖𝑖 𝜙𝜙𝜎𝜎(|| 𝑥𝑥 − pi||)

• 𝜙𝜙𝜎𝜎 = 𝜙𝜙 𝑟𝑟
𝜎𝜎

𝜙𝜙 𝑟𝑟 = 1 − 𝑟𝑟 +
4 4r + 1

• 𝑔𝑔𝑖𝑖 , 𝜆𝜆𝑖𝑖 are unknown functions or coefficients to be determined.



𝜙𝜙



Single-level interpolation
• 𝑔𝑔𝑖𝑖 is designed to interpolate 𝑝𝑝𝑖𝑖 ‘s neighborhood (radius = 𝜎𝜎)

• 𝑔𝑔𝑖𝑖 𝑥𝑥 = min
ℎ
∑ 𝑢𝑢𝑗𝑗,𝑣𝑣𝑗𝑗,𝑤𝑤𝑗𝑗 =𝑝𝑝𝑗𝑗∈𝑃𝑃

𝜙𝜙𝜎𝜎 ‖𝑝𝑝𝑗𝑗 − 𝑝𝑝𝑖𝑖‖ 𝑤𝑤𝑗𝑗 − ℎ 𝑢𝑢𝑗𝑗 , 𝑣𝑣𝑗𝑗
2

• ℎ 𝑢𝑢, 𝑣𝑣 ≡ 𝐴𝐴𝑢𝑢2 + 𝐵𝐵𝑣𝑣2 + 𝐶𝐶𝑢𝑢𝑣𝑣
• 𝑢𝑢, 𝑣𝑣,𝑤𝑤 is a coordinate system,where w has the
same direction as pi ’s normal.

• 𝜆𝜆1~𝑛𝑛 should be chosen to make 𝑓𝑓 𝑝𝑝𝑗𝑗 = 0 for any j

• (it can be regarded as the distance 𝑔𝑔𝑖𝑖 transposed) 



Single-level interpolation
• Solving out values of 𝜆𝜆𝑖𝑖 is indeed solving linear equations.

• When the coefficient matrix is positive definite and scarce, preconditioned 
biconjugate gradient method is very efficient! (details are beyond the 
paper)

• https://link.springer.com/article/10.1007/BF02123482
• https://blog.csdn.net/OORRANNGGE/article/details/82744157

https://link.springer.com/article/10.1007/BF02123482
https://blog.csdn.net/OORRANNGGE/article/details/82744157


Single-level interpolation
• How to choose a good 𝜎𝜎 ?

• Intuitively it should be related to points’ density (average distances 
between point in a small neighborhood).

• One way to determine 𝜎𝜎:
• Divide all points recursively to 8 parts like octree, until the subspace have 
≤ 8 points, then calculate it’s diameter (maximum distance between points) 
𝜎𝜎 = 𝑐𝑐 ∗ average of diameters.



Multi-level interpolation via offsetting
• But average is not a good idea!

• using small 𝜎𝜎 + Irregular sampling may cause a bad interpolation.
• Tiny and sophisticated details need small 𝜎𝜎.

• Hierarchy can combine all sizes of 𝜎𝜎!



Multi-level interpolation via offsetting
• Hierarchy of point sets:
• {P1,P2,…,Pm} = P (divided like octree, Pk contains all centroids of  k-level 

subspace (so |Pk| <= 8k))

• 𝜎𝜎k is used for k-level’s interpolation, 𝜎𝜎k = 𝜎𝜎k−1
2

, 𝜎𝜎1 = 𝑐𝑐𝑐𝑐 (L = diameter of 1-
level subspace, c = 0.75 chosen intuitively)

• 1-level interpolation is just like before (using 𝜎𝜎1 as neighborhood’s radius 
to find 𝑓𝑓1(𝑥𝑥) over P1)

• K-level interpolation is generated on the foundation of k-1 level:

• 𝑓𝑓𝑘𝑘 𝑥𝑥 = 𝑓𝑓𝑘𝑘−1 𝑥𝑥 + ∑𝑝𝑝𝑖𝑖𝑘𝑘∈𝑃𝑃𝑘𝑘 𝑔𝑔𝑖𝑖
𝑘𝑘 𝑥𝑥 + 𝜆𝜆𝑖𝑖𝑘𝑘 𝜙𝜙𝜎𝜎𝑘𝑘 (‖𝑥𝑥 − 𝑝𝑝𝑖𝑖𝑘𝑘‖)

• When 𝜎𝜎𝑘𝑘 ≤ 𝜎𝜎0 (𝜎𝜎0 is what we calculated in single level interpolation), it’s 
time to terminate. 



Results



Results



Results
• Compared with 

Fast RBF.
• No visual 

difference, but 4 
times faster! 



Results
• 90% of right 

part’s points are 
removed.

• But interpolation 
has no visual 
difference 
between left and 
right!



Robustness

• noised or zeroed normals
don’t disturb the result so 
much. 

• (2% zero)

• Only edge points. 
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