RIBLANER G

Solving Linear System

e BAG R VEm KR VriE REEOR

e RN VRRAR ke



Radiosity

7] L
MHﬁ%*%a USRI
G40 B P A AL T AN R (]

L sl EE

e RN VR SKER VRN FEEAR RIGLNE RS



Radiosity
EWARE: JaLkia !

e BRTE VRRAR SRR VRN



Radiosity
{HR WM RARIFE A — PR B HRTX2080Ti 1 ..

Al

A BERENS IR B LU TN “ e BE T Tk

AR 55 18] 53 RN s FRATIR /NI AT T

=

B (8]

FARTEA, SCIBIRNU R e, HAl R

e BRRE VR SRR VRN AR



Radiosity

{HR WM RARIFE A — PR B HRTX2080Ti 1 ..

WAV AR B — I “A5F 7 M5k

AN 5 1B 43 B e /NG s FRATISRNS /Ny 13847 18 G
I MR PR AR, SRR BB/ NG B s, HAh R S 1)

K 3: BORA KRGS

e RN VR SKER VRN FEEAR RIGLENE RS



Radiosity

R AR T8 S b BRATTAR IR AL B I8 B S
ANYi S NI R R A BERL 5

(a) picl. ( pic.

A: NI B8 £ P2

e RN VR SKER VRN FEEAR RIGLNE RS



Radiosity

A CATRT B, FRATIANIUG v (1) A A 3 1) LA G 2 0 2 B G
Jr EREHATIZ I

R L FRATTNE 2438 Y —Fh o 55008 S S O BR00,  SR AR R IX A ) i

X BRATIN AR 2 Radiosity g L)

—/NUG R S A AR S R CH B R . BRI YRR
ST IEXEPS

ForR e B )65 AT LA A0 A R A AR B A UG A S BE I 26 1t 4
R, FRATT T DR UG A T 1 — A 418 oA ok Ay 2 79 7 U [ () £

n
Jj=1

e RN VR SKER VRN FEEAR RIGLNE RS



Radiosity

A LA

(a) Itr.2. (b) Itr.4. (c) Itr.16.

W] DR 2y el !




FEISLF JUART 27 A0 A 37 40U 28 3 2 a8 B TSRO SR 2 1k
ARG

Ax=Db
H, Ae R™" x.be R WRAY, NIXALZNERFIE
EbAME—fE: x = A7'b. RALMEREMEUE 8T 5 NE
BEE (A B NSRS RS R ) FIERE (AIGaAE T4, I AT
sz N BFAEARR AU AU ) . 388 3 FRATT A LA 7 T i SR A g
E R
Q RMFHE;
Q fAHEESR;
O R MR R SE.
;EEWB"J?’E%I\ MREPE . KPR 1E 8 S5 SR PR A2 SR g v (1) B 2 A

e BRTE VRRAR SRR VRN



=SHVE TS5 LU

EHAREC IR AT SN, 6 Bt 7 RR A i E AT B AA T AR e m] LA AL T 7R,
[ AN A, i oo R AR il AT AR e o |
=M, BREEEE, BOMNRA = LU, HAL2RALT =M
FERE, UR =M. miln o 22

Q@ LUM#: A=LU;

Q A E#HKM: Ly=>

Q [FliikfE: Ux=y.

e BRTE VRRAR SRR VRN



EHE T 5 LU fi#

Algorithm 1 LU 53§, L /75 A RMLLUTIRS OCHME) . U G178 A Rmg L BBy
1. fork=1ton—1do

2: fori=k+1tondo

3: g = =t

4 for j=k+1tondo
5 (g = Qi j — G 1Ok
6: end for

7 end for

% end for

K 5: T A

BZE 2 LUSERNO (n), 7T AN EH R FERO (n?).
KPR SEBL A IEF DR AR AR Hin 4 151, ARRIUI RS Ely.

e BRTE VRRAR ke



FRAR EH A = 08e < 1, RSBLUIE T SRR
HiRZ. B IELU 0] DR A8 4 3 76 (Partial Plvotlng)El’U:T
%, WHAGEPP.

RS

o I B K R R AT A 2 ET A i K B B 2 HTAT
o JRIIASNPA = LU, PEE#IE .

GEPP@ &L N o] LLEE f KR 22, (EATh AT DRI H & 24 e
[ A5 GEPPARL.

ol RN VR SRR VRS R



HLUM#
¥i—Cholesky /i

Algorithm 1 LU 53fif, L {#7E A MAZLLNHS OO L) . U AP7E A LM AR
1: for k=1ton—1do
2: fori=k+1ton do

ai

3 ik = o7

I: for j =k +1tondo

50 iy = Qjj — Qi Qg
6: end for

7 end for

& end for

6: GEPPHLVL

MATLABH, &8z = A\bI BN FIGEPP, LUl
RL[LU,P]=lu(A)f3 2] AR LU 73 fi#.




FE5LUN R
i —Cholesky 43 fift

XTHR IE 7€ FE B —Cholesky 77 f

WREA=AT vx #0,x" Ax > OFIFERE AR NS FRIE E5EFE, &
FRSPD. XSPDAEFEAAAE S TR(TLALE Bl ). e, HAZE
>Kpivoting ] 73 i Cholesky 77 fi# :

A=FF"
FRe N =Mk, detpRmEarsn, stNr =m0 AFT.

MRAEAREENIR,  AREME—Cholesky 73 il (1 78 43 Wb B 2% 72 AFLATE
XFFR HAEE.

e RN VR SKER VRN FEEAR



LU7>fi#
if—Cholesky /%

Cholesky 73 fift 11k BH

o M
HAKLDUSMAT %1, A = LDU, HrpLIUS5)2 %70
NI L=/, DRXAICER I IERXS fHRE (B AIEE \]
&1). HUTDLT = AT = A= LDUWHU" = L, FRALL
EfA=LDL" = (LDY?)(D'2LT)=FFT, X
HF = LDY2R&F = fisEk%.
o WEM
AT =(FF)T =FFT = A,
Vx #0,x"Ax =x'FF'x = ||FTx| > 0.

e RN VR SKER VRN FEEAR RIGLNE RS



¥ Cholesky M

TR

V@ Z zk’ =]

fm- — ¢ aij— ,}]:Jl filcfjlc7 P>
0, 1<

Algorithm 2 SPD ffi[{%: A [1) Cholesky 43fft. F {745 A (1AL UL RN i
1: for k=1 ton do

2 agk = \/Okk

3: for i =k+1ton do

b s

5: end for

6: for j =k+1tondo

7 for i = j ton do

8: Qi = Q5 — Q4 k Ak j
9: end for

10: end for

11: end for

P_Zl T Choleskyﬁ/jé




M A

M R T A R R e B S BN T SR AB R AT W AR A 1y
Wil 7o /LU il b i B2 28 T o R AR AR AL

FlR s L RE P — 0 MR R =20 A2k boo

(i, a1, a;—1,;) AFORIFERE, HEmBrEciERE NO(n),
PR IREWRNO(n). RUAR), A TSR E 0 2 1 A 42
[ TCERARO R IR 52 A% B KK AR

e BARRE VR SRR VRN TR



"
35
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1
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0
05
20 40 60 8 100 '
of a 100 x 100

Figure 6.1: Sparsity pattern of a 100 x 100 discrete two-dimensional  dir h. The
Laplacian on a uniform mesh.

MR ORI B T XA — e Wb i, B FE R R M B 1
HAEF TR B BA ER, AL A AN FFRI. %EE
Wk BRI BB g R AR R, TR, BARR S ET
Feda J H A R (RS A T“EE: YEAARR S — KBTS 4R AR
FoRBFHFERS) . MK, HAEETL Non,
1TCholesky§J\ﬁ4=):7§j(Q’]n\fEl’J4[5/\773, /Ejbfhjié’]EO( 2.

by BT VR



et STV T AR 7 1

2 SR AE PR AR BRI, H R P LT A 3
ULaplacianf [ ) Cholesky Kl ¥ /& Mg 1K), L 13056 R A 2
(F(E16.2). BRI, J i DRI AR SR SR A e 14 7 R 2 I 7 v 2 AN ]
1.

e RN VR SKER VRN FEEAR




BRE N R BR A -

1) Ae5I AAEZEJo (M Laplacian);

2) JCVEF FHAI G658 I (A A8 i ) 3% S ) 18] R A for B — o8
KR);

3) LM R A AT an ey (R peil il 25 x5 2 Ax, FAHITEA).
Forp 1) v L I HE T S8 (ordering strategy ) >R /D 5] AIER
JG. X} T Cholesky /- fi#, FAM1HEF KM ERAEFEM, Al
BA=M"MHMT M\ABEWDIERIG. CARNTIERS

5 A KA K.

e RN VR SKER VRN FEEAR



B = (0, &) TSV EE AR, 4RI R TS
A,

HEFEA(n x m)FBEE AN S, ., v, mE&er, ..., emo
V; € €j iff ag,j 75 0

M 52& AR HE B S BRAE B (incidence graph)if, MTM\A =0,
EMMAETE T/ ARIWIRG. A —F 712 s/ MEM AT 5L,
WEMTM\A =0, CIEBXEM T3 B RN 28 5
FENPCI R {H AT DU I BR fl 654 ] B R MS B A R Sk, &
M FEILU S E, F3k0, B CT B\ARAEZE LR &/,
WA R B, (2]

N

e BRRE VR SKER VRN TR



Algorithm 3 Cuthill-McKee Algorithm. Input: XSFRAE A. Output: FHEGYHGE A

t Ren A R8T 41
2 JEEERUR MR x A R

3: for i=1.2....; |R|<n do

4 5% Ry AR Ay JHIERR A TAE R PR A < Adj(R:)\R
s Ay AR RUEEEET Y

6: il A #2 N R

7. end for

8 JRIH] RO i AR HER L A

Kl 8: Cuthill-McKeeH %

Forpidti t—Fh 25 4 1) Cuthill- McKee 51k, M E I,
AR AR AT A B R, AR R T .
e JEREFEE R — N EIROATEAE R, i R o 5 R/ R R
R oE . SEBLD BRANIA.

e BRTE VRRAR ke



Cuthill-McKee & 7%

. -
50 e &-g 50
. - |
&0 e & &0
0 20 40 60 0 20 40 60

nz =180 nz =180

& 9: Cuthill-McKeeH K7~

ol RN VF A



XFAx =b, fRE€A=M - N, WHEMx = Nx+b, A[{§3i%
M%7 = Nxp + b, BEFAFZSIE (stationary iteration).
FRHE MR, A P Ll 5 AR 7

e Jacobi: M = D;
o Gauss-Seidel: M =D + E.

Algorithm 4 #5150, Tnput: M, N, 2: Output: ans
1 k0
2: while k < Iterorerror > Error do
3: 1 = —DTH(E + F)ay, +b]
4 kek+1

5: end while

10: &AL




AT Tk

s WSUE BERE
W 1) 5 TgAe: 2) % i & ol RBAR 5 2k

X JUFR 1L
o Jacobi: A LAEEIHATIL;
o Gauss-Seidel: MEULFFATI, (HH HLEZ WS i
WS 5 ARMERET = M~'N = I — ML AR IEE A 2%,

e RN VR SKER VRN FEEAR



LA RIS (1)

& LT X AT T 89 1% ¥ 42 (spectral radius)p(T) AT H
AFITAE 694 K 89 R K AE, A 2 lim TF = 0 iff p(T) < 1.

| A\

WERH.

A[FIT = P~'DP, HPRIEXKE, DRTHFTARHAEEA KT
SHaRE, BATE = P~1DkP,

i lim D* — diag {)\’f, AL ,Af;} = 0 iff JX SR (L 1 B A

k—o0

KN F1015. O

e RN VR SKER VRN AR RIGLENE RS



LA RIS (2)

Yp(T) <18, AU -T) Ak, T+ THE&EI-T)7
k=1

Jieshobt T L ik S| B MR EL G ), BT LR TS
MM, 1~ TRAME TSR, % i

k
93 Jim I+ T |(I-T)=1I, R

J=1

k
?%(I+ZTJ’ (I-T)=1-T"1 - J807], O
j=1

e RN VR SRR VRN TR RIGLENE RS



SRR MU (3)

e B

*FHdoxy = Txgoy + chIERITAZ, SHETLTH AR

Hp(T) <10, 3 FHEHDE x0 €R", lim xp i s AR 8
—00

fiEx = Tx + c. |
JEFFx, T IR BT %o + (Z?;& e, T

%klim xp =0+ (I —T) 'eltdl, Hifiltx=Tx+c. O
FrbA

MIERHERET = MINWE R p(T) < 18, XHTAERYIE, ik
HR LA SRS (PR BRI A0t A1 DL 5 SRR )

e BRRE VRRAE SKER VRN TEEAR RIGLENE RS



Krylov-1 %% d]

Krylov =z (8] LAEFEA, WHEr Mk L
K*(A; 1) = span {ro, Arg, Arg, . .. ,Ak_lro}.

B WA R TESEBrxo + KCF (A; o) R I R Pl 1
I — R B ) 24 7 .

ol RN VR SRR VRS R



Arnoldii&Eft

ArnoldiiEX /& 3 it B4 1E A A — AN S

Y5 SEAT B BT T BB v R Bk, Bk ICk (A; vo) HI—
HIREIEREV, = (vi,vo,...,vi) F— L Hessenbergif
BEHp 1 k(R B =M ME&A IEZ 0 R )

WAV, = Vi1 Hiy k-

HIEZO(Kn).

ol RN VR SRR VRS R



Arnoldii&Eft

Algorithm 5 Arnoldi iE{C: FIANREMKERE vy, ¥l Vi, B Heog
1: for j =1 to k do

2: z + Av;

3: fori=1to jdo
4 hij+vlz

5: zZ <z — h;;V;
6: end for

™ i1 < lzll2

8: if hj11; =0 then
9: exit

10: end if

11 Vi < z/hj
12: end for

11: ArnoldiiEAfX




SN
AL Arnoldiisf{
FLHIBR

AR EEAT R B

PAUTEUE Ax = bARER RS, HA ARSPDSEHERE. A4 KAk
JF T REF A N B AL B RS -

p(x) =x"Ax —b'x
RGHE G 1T BNXA B E A ME— AR/ IME RO 2 Ax = bR,

\J

ol RN VR SRR VRS R



SN
AL Arnoldiisf{
FLHIBR

TR T B# (steepest gradient descent )72

X 2410 ) fifEx
W EVo(xy) = Ax, — bRTHE—H, PK N

i 45K R 24 5 M (3, — (Ao — b))

ol RN VR SRR VRS R



AL ZS
Jﬂﬂ’f%ﬁ‘

BH R B (steepest gradient descent)&i2:

itry = b — Axy = —Vxo(xi) NI 5% ZE (residual). X

Xf e >R F43 5

= —r;_lrk

= (Axp41—b) 1y

= [A(xg + oyri) — b] 1y

= ay(Arg) ry — rZrk

=0
Wy = S, AR RE PN B, VSRR AT S
(u,v)a=u' Av, FIEFETHAT LIS oy, = <r§rrl;k>A‘

e RN VR SKER VRN FEEAR RIGLNE RS



B A T
AL Arnoldii%Ef{
FLHIBR

TR T B# (steepest gradient descent )72

e BRTE VRRAR ke



ILHEFRE (conjugate gradient, CG) 52

BORBRRE T FErf - W] RE S A AN R FR I 8] B i ] — AN B 7 1) AR
E27

FHALHE 77 1] (Conjugate Directions, CD) SR AR PLIX — 7] 8,
R o 1) A GG B 7 1m) #8855 2 /T B A 7 1) 2R -
E XA E, vEEEY HAY S (u,v)a =0

FRELFIEE AR IESS,  dtE (R — L 35 &
}-E‘é(pla p2,... 7pn)ﬁ%|/%<p7,, p]>A - O,Vl ;é ]

e RN VR SKER VRN FEEAR



AR %
SLAbh

ILHEFRE (conjugate gradient, CG) 52

YRR X = 37, cipss BATH Ax* = S0, ai Ap;
SR kA Fep, 55

p;—b = Z?:l Oézp;—Apz = <pk7 pk>A7Vk € [n]’

T
73 /5 o P b
oy, = (PrPr)A "

BV BRI 7 — e BRI HI R, R0 & 0 R B0 T B e
EHE.

e RN VR SKER VRN FEEAR RIGLNE RS



AR
SLAbh

ILHEFRE (conjugate gradient, CG) 52

MNFH—NAEE
WS IREERe, = x* — x, N YHES BRI 2,

BEMHRE, SRR E R YR R MRS
[Hep + span{p1, P2, ..., pr} TE/IMb|er]|a = /(e ex)a

e RN VR gk



P
ILHEFAEE (conjugate gradient, CG) %Y

SR EHRIE?? Q(n2)
F T HA AR EREAL?? O (n)
AR T H R ITRE <07 [ORAN R, 7ESEHTILIE R R

CGEIX B 120 1) B bR BB LAy “ 0 B, &
REAR Z AT (K R -

Q EHUBR KA JR #AE B B RE M A BRe e k%5

Q HE ST AR MIES, FHERINIE R T2
HEIES PN

Q LRSI 2 FERIAIL I R IR L .

e RN VR SKER VRN FEEAR RIGLNE RS



BEAERR
AL Arnoldi
FLHIBR

ILHEFRE (conjugate gradient, CG) 52

Algorithm 6 LEEHEHIE, % SPD 46 A, [AE b, ERE E FAVIE xo, Fd b TOEUSH
IR x
1: for j =1 to k do

2: Sj_1 ¢ Apj_1
vl
P51

Xj < Xj—1+Q;_1Pj-1

Qi1

-
s,y
s
Bi-1 4 o'
Pj_Sj-1

pPj < 15+ Bi-1Pj1
: end for

3
4
5: Tj < Tjo1— 01851
6
7
8

P 13: JRHIRR I SE

ERMLFEHIO(em) LA, Hm2 R A% o .

e RN Vr R



SN
Arnoldii%kft
Pyl 3

P FENIE

€L

e + Di

e + span{rg,...,rp_1}

ey + spcm{ro, Arg, ... ,Ak_lro}
eo + span{Aeg, A%ey, ..., AFey}




YN ESYIRIN
AL Arnoldii%ft
FEHEB

s
Kitter = (1+ 325, 4;47) eg = Py(A)eq

Hrp Py () 2 — ek 20, HRANMEATEE.
fSPD%EMEAE’J HIEZ BALRFE M Ev; T ey, 133 R %,

A3 2
e, = anpk
lexls = Zm PO
min ey} = rrlginan[Pk(Aj)]%
< mlnmaka 277 j

= P
min max P (A" HeoHA

e RN VR SKER VRN FEEAR RIGLNE RS



BIUEEA: CG e S P A o 22 18— MR AEL 10 22 AR T PR 1
WS R ) 70 A A K

X T SPDHBEFIETE, 44— AN R 10 4 060 {1 e R AN g /IS IR AR AR AR
) ECABL PR 93X AN B 1Y) 42 44 381 (condlition number),
SR K I HE FEFR ill-conditioned.

e RN VR SKER VRN FEEAR RIGLNE RS



YN ESYIRIN
AL Arnoldii%ft

SLAbh

FERIZ — A, FRATRT LIS FE R HEAT FRACER, 1A L AL

M- 1Ax = M~1'b

Horp MFR Apreconditioner, 2R, HM ARSI E
I (left preconditioning). [FIFf A right preconditioning:

AM~ly =b,x= M1y
DL K split preconditioning:
M AM 'y = M 'b,x = My ly.

e RN VR SKER VRN FEEAR RIGLNE RS



— & 5 ¥ preconditioningH AR A2 & 73 Cholesky 73 i
(incomplete Cholesky factorization):

HATK BT AFEFEIAT Cholesky 70 fif, (HAEIX AN RE PR KRR
TTEEAY K, FFEE AT TR G I TR AR,
BREAM— NI RLTL: B, Ei— b, A4 R
ARE PR ATIARR IR,

RAOREH A BRI —#8 5y, EFRRN.

e RN VR SKER VRN FEEAR



b
AL Arr €
FLHIBR

SRARLEAETTREL R — MR E A, 75 BRI A0 PR A e A
X A5 FHAE 2 8
o MRUNFREIR/N, BREIRFE . HIEHGEPP—RI ik
TR 2 i A1, HA VL] BEASRE T R AT A B A IS 2.
R, i SESPDHIFE, Cholesky s il 54 ; 4n X FR{H
ANIEE, H—YEGEPPHIAZM, inBunch-Kaufmanfik:
PAPT = LBL", HAPRHASIERE, LEBAL =M%,
By o R, HOGH A PR O N (A I 2%2).
o WNGAEFEIR KM HAbn, siH A Bt TRz
S EHT RIS, R Awork (1E 22 IERIE.

e RN VR SKER VRN FEEAR



b
AL Arr €
FLHIBR

o WM FEMIEZ M TERA : FRH B L T LLE
B:GEPP 7. W& 44, BHFWAKT, FFEARER
B[] BEAGE.

o MRUNAEFEIRK, RMwim HA2SPDR: HH: LILHikE.
WANFRAIEE, LR T CGRHARIE T,
UWIMINRES (H/MEIRZTIIL2YEE). B EXFRAA R,
A DU GMRES (75 8] 7 3R 80K 8 BiCGSTAB (7 [A] 75 3K
BN, ABS T RE IR AR T).
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Q@ HEFCholesky ) fiff HhHi B F i HAKTE 20

i1 .
Vi = X1 f 1=
fij = aij =341 fikfjk’ P> (1)

f]]

0, i<

© IR SR AR RE— 1 3008 F LU R OB K T X A
éﬂ%ﬁ:?é’éﬁﬁ‘z%ﬂ, Elj|ajj| > Z?zl,i;ﬁj \aij\,j = 1, 2, -
TR 2 NPt 3t AR 5 e %

EM s AT

e RN VR SKER VRN FEEAR



({12

Q@ HMMATLABHHAT RS AL 0 fi# by cer

AAEMV SR SN A 94 DT B8R, BRI RRAL L Hudh B VA A R
56 4= Cholesky 73 il TRAL BEJ5 R FLPEAR P2 K Al e 1t 7 R 2 r) ik
T2 HAR B FE AZHE 7% /£ SparseMatrix. txt LA H (J5 B ) »
N—9604x 960415 [, HA47628 M EFITE.
SparseMatrix.txt 1 FIEHEHZ A0 R . AFH =AM Edfirow, col, vir
AR AEZ TCIAT FIFEFRAME, RRHH\t/rR&. (ks B AR —A
BTN A= 0A X7 G SRR IFSEL Ly

BORMANETTIEHAx = b, Hi'b2IuERE 2NN n) & 2]
PR AR R B R TR — SR i

e RN VR SKER VRN FEEAR RIGLNE RS



Q HIMATLABIEAT 55 HE B 43 ik

Convergence of CG & Incomplete Cholesky PCG

Residual
=)
w
:

*
¢}

un-preconditioned CG
ichol-preconditioned CG

0 10 20 30 40 50

100




({12

© HIMATLABHEAT M B A5 R 43 i
RR:
o fRIGHEZL O\ & 7t decomposition_prob.mIxH1 45 i (5 ).
o Hsparselt) i # i M B (V1 5 2 J5 Hpcg, ichol % # - BE X 5 bt
FEFEAEH)
o THAbPHILHUR:E L pcg LM T
[x, flag, relres, iter, resvec] = pcg(A, b, le-6, 100);
Horp it o ARG T PR RIAR, EAR HURESR (0FRRIR
), FHXTFRZE (relative residual), IEATHEES, [ 52 % Tivk
ZETEEL Ja A S0 0 RS (AR 3 R T Le-6) Al
I KIEARIEL (A H100)

e RN VR SKER VRN FEEAR



@ HMATLABBEAT 7 H R ) ik

RR:
o JE5E A Cholesky 7 i Tiiib Hlichol VA TR :
G = ichol(A);

[x, flag, relres, iter, resvec] = pcg(A, b, 1e-6, 100, G, G');
o HlsemilogyZ: il 5k 7% Tk AR B 0 £ ], v ik 22 2L
FrUAbHyat, B Apcgi [IE A A FH 2 AH X ik 22

ol RN VR SRR VRS R
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