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Problem 1

Given two straight lines in the 3D space, compute the
distance between the two lines.

We need to find a segment which is perpendicular to both
lines, and its length will be the answer.
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Brute Force

Brute force creates miracle

〈p1 − p2 + su− tv,u〉 = 0

〈p1 − p2 + su− tv,v〉 = 0
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Intuition

We will often try to use geometric understanding first,
which will possibly simplify the problem, and then use the
algebra.
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Enlightenment

There is no way to completely escape the math.

However, the geometric approach provides us with a very
convenient recipe that is easy to program.
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Problem 2

Compute the intersection between a ray and sphere.

The sphere is of radius r and centered at c, and the ray
emanates from point p0 in direction v.
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Use projection!
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Enlightenment

If we have the basic geometric routines implemented (like
projections of lines), all we need to do is call these routines
with the appropriate input.
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Vector

Definition 1

Points locations in space. (p, q)
Vectors direction and magnitude. (v, w)
Operation +,-
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Scalar Product

Definition 2

Scalar product (dot product or inner product)
Given two vectors v and w and the angle θ between them,

〈v,w〉 = ‖v‖ · ‖w‖ · cos θ

Projection l = 〈v,w〉
‖v‖ and cos θ = l

‖w‖ .
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Scalar Product

Definition 3

Perpendicular in 2D If 〈v,w〉 = 0, then the vectors are
perpendicular. Therefore, the perpendicular vector of
v = (xv, yv) is v⊥ = (−yv, xv).
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Cross product

Definition 4

Cross product : a× b = ‖a‖‖b‖ sinα n̂. where n̂ is a unit
vector perpendicular to the plane containing a and b. So the
cross product of two vectors is also a vector!

a× b = det

 î ĵ k̂
a1 a2 a3
b1 b2 b3


where î, ĵ and k̂ are unit vectors forming an orthogonal
righthanded coordinate system.
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The distance between a point and a line

Distance between q and l(t) = p0 + tv

〈q− p0 + tv, v〉 = 0

〈q− p0,v〉 − t〈v,v〉 = 0

Therefore, t = 〈q−p0,v〉
‖v‖ and dist2(q, l) = ‖q− p0‖2 − t2.
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The distance between a point and a plane

Since q’ - q is parallel to n, q′ = q + αn.

〈q + αn− p0,n〉 = 0

〈q− p0, n〉+ α〈n, n〉 = 0

α =
〈p0 − q, n〉
‖n‖2

Therefore, dist2(q,Π) = ‖q′ − q‖2 = α2‖n‖2 = 〈q−p0,n〉2
‖n‖2 .
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The distance between two lines in 3D

Let l1 and l2 be two given arbitrary lines in 3D:

l1(s) = p1 + su

l2(t) = p2 + tv

The distance is attained between two points q1 and q2 so
that (q1 − q2)⊥u and (q1 − q2)⊥v.
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The distance between two lines in 3D

we want to figure out s and t:

〈p1 − p2 + su− tv,u〉 = 0

〈p1 − p2 + su− tv,v〉 = 0

leading to:

〈p1 − p2,u〉+ s‖u‖2 − t〈v,u〉 = 0

〈p1 − p2,v〉 − t‖v‖2 + s〈v,u〉 = 0
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The distance between two lines in 3D

Cramer’s Rule!

s̃ =
β〈w,v〉 − ‖v‖2〈w,u〉
‖u‖2‖v‖2 − β2

t̃ =
‖u‖2〈w,v〉 − β〈w,u〉
‖u‖2‖v‖2 − β2

where β = 〈v,u〉 and w = p1 − p2.

Finally, we have dist(l1, l2) = ‖l1(s̃)− l2(t̃)‖.
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Generate a plane by three non-collinear points

Three non-collinear points p1,p2,p3.

A plane with an implicit equation ax+ by + cz + d = 0 has
a normal vector (a, b, c).

The direction of this normal vector is also equal to the
cross product of (p1 − p2)× (p1 − p3).

d can be determined by plugging the value of one of the
points into the plane equation.
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Linear transformation of plane

Given a transformation T and a plane ax+ by+ cz + d = 0.
We can compute the equation of the transformed plane.

A direct application of the above is to recompute the plane
of point T (p1), T (p2) and T (p3).

Let us denote a = (a, b, c, d) and x = (x, y, z, 1), then we
have a>x = 0.

Similarly, the transformed plane is represented by
a′ = (a′, b′, c′, d′) and satisfies a′>Tx = 0.

Since we can write a>x = 0 as a>T−1Tx = 0, a′> = a>T−1

or a′ = T−>a.

The first method’s time complexity is O(n3), but the
second one is O(n2).
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