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Problem && Algorithm

• Given a Point set ,                                             find the best fit 
hyperplane

• Suppose model from which data is observed: h(x) = wTx



Problem && Algorithm

• Error measure : squared error

how to minimize E(w)?



Matrix Form of Ein(w)





• Minimizing w yields the equation

• XTX  is non-singular, invertible XTX:
•  

•                                      Symmetric and orthogonal
                                     
•                      is orthogonal to the residual

•  XTX  is singular solution is not unique
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Optimality

• Gauss-Markow theorem
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Generalized errors

• The error on the data samples have different variance?
• Assuming that 

• Weighted least-squares

• Call 
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Robust Least Squares

• Outlying point can severely affect least squares estimate
1. Redescending estimators



Robust Least Squares

2. Iteratively reweighted least-squares

• The algorithm converges for 1 < p < 3



Robust Least Squares

3.  Least Median of Squares
• Randomly select k points
• Fit the model to these points
• Evaluate quality of fit on remaining points
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Least squares solutions for sparse matrix

• Conjugate Gradient
• LSQR,



Conjugate Gradient 

• Equal problem: 
• A is symmetric, positive-definite and real
• Two non-zero vector x, y are conjugate if
• Supposed                                    which is mutually conjugate 

respect to A,  forms a basis for Rn , each x can be expressed by:



Conjugate Gradient 

• n iteration to calculate solution 



Conjugate Gradient 
• Iterative Method

• Taking p0 = b – Ax0 , enforce pk to be conjugate to the gradient



Conjugate Gradient 

• Following dk direction, the next optimal location is:



Least Square Solutions

• Conjugate Gradient
• LSQR



LSQR

• Let m ≥ n. For each A ∈ Rm×n there exists a permutation matrix P 
∈ Rn×n, an orthogonal matrix Q ∈ Rm×m, and an upper triangular 
matrix R ∈ Rn×n such that 



LSQR

• Using properties of Q, let



LSQR



LSQR

• If A has low column rank. LSQR returns the solution of minimum 
length

• LSQR is recommended for compatible system Ax = b, but it 
should not be used for symmetric matrix.



Implementation



Least Squares Application



•  Local surface fitting to 3D points
•  Mesh reconstruction
•  Skin weights computation from examples



•  Local surface fitting to 3D points
•  Mesh reconstruction
•  Skin weights computation from examples



Local surface fitting to 3D points

•  LS is useful to fit a polynomial to a set of points coming from a 
curve.

•  It is also important to locally fit a polynomial surface to a set of 
points in 3D.
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Local surface fitting to 3D points

•  For the problem:

•                             :

•  
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Mesh reconstruction

• Mesh reconstruction: construction of a mesh from a set of 
samples.

•  Given a planar graph with arbitrary connectivity and a sparse set 
of control points with geometry,  reconstruct the geometry of the 
rest of the mesh vertices.



Mesh reconstruction



Mesh reconstruction

•  In order to keep sharp features of the mesh, consider we have 
some control points:

•  The system becomes:



Mesh reconstruction

•  To reconstruct the mesh, we find x that minimizes:

   in least-squares sense.



Mesh reconstruction

O. Sorkine and D. Cohen-Or. 
Least-squares meshes.
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Skin weights computation from examples

• Animating articulated characters such as virtual humans is a 
fundamental operation in computer graphics and interactive 
applications.
 

•  Techniques for rigging character skins by weighting vertices to an
associated skeleton are widely used in video games and the 
computer animation industry. 



Skin weights computation from examples

?

D. L. James and C. D. Twigg. 
Skinning mesh animations
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Skin weights computation from examples

•  Estimating vertex weights:

•  Given vertex-bone influence sets,       , the associated weights are 
computed using a least squares approach.

•  Weights are constrained by the mesh sequence approximation 
equations:

•  It is of the form: 



Skin weights computation from examples

•  We consider the augment system:

• Then solve the over-constrained system by  least squares. 



Skin weights computation from examples

•  Over-fitting:

•  The solution can result in weights with large positive and 
negative values.

•  TSVD, NNLS



TSVD(Truncated SVD)

•  TSVD(Truncated SVD)

•  Used to handle ill-conditioning:

•  How singular value affect the problem solution.



TSVD(Truncated SVD)

•  For system: 



TSVD(Truncated SVD)



Conclusion

•  Local surface fitting to 3D points

•  Mesh reconstruction

•  Skin weights computation from examples



Resources

• Course notes on least squares
• Fred Pighin
• http://graphics.stanford.edu/~jplewis/lscourse/

• Learn from data
• Yaser S. Abu-Mostafa

• Leature notes on least squares
• Dmitriy Leykekhman
• http://www.math.uconn.edu/~leykekhman/courses/MATH3795/Lectures/Lectu

re_8_Linear_least_squares_orthogonal_matrices.pdf
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Thanks!


